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Abstract 
We present some results concerning edge-disjoint placement of two or three copies of a tree, 
as well as a theorem about he packing of three trees into the complete graph K,. 
1. Terminology 
We shall use standard graph theory notation. A finite, undirected graph G consists 
of a vertex set V(G) and edge set E(G). All graphs will be assumed to have neither 
loops nor multiple edges. For graphs G and H we denote by G U H the vertex disjoint 
union of graphs G and H and kG stands for vertex disjoint union of k copies of G. 
Suppose G1 ..... Gk are graphs of order n. We say that there is a packin9 of G1 .. . . .  Gk 
(into the complete graph Kn) if there exist injections ~i" V(Gi)  ~ V(Kn), i = 1 ..... k, 
such that ~*(E(Gi) n ~(E(Gj)) = 0 for i -¢ j, where the map ~* :E(Gi) ~ E(Kn) is 
the one induced by ~i. 
A packing of k copies of a graph G will be called a k-placement of G. A packing 
of two copies of G (i.e. a 2-placement) is an embeddin9 of G (in its complement G). 
So, an embedding of a graph G is a permutation a on V(G) such that if an edge xy 
belongs to E(G) then a(x)a(y) does not belong to E(G). If there exists an embedding 
of G we say that G is embeddable. 
The main references of the paper and of other packing problems are the last chapter 
of Bollob~s's book [1], the 4th chapter of Yap's book [12] and the survey paper [13], 
(cf. also [5, 10]). 
We shall need some additional definitions in order to formulate the results. Recall 
that Sn denote the star on n vertices. Let S~ be the graph obtained by subdividing one 
of the edges of S,-1. By analogy, denote by S~' the tree obtained by replacing one of 
the edges of S,_2 by the path of length 3. 
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In a tree T a vertex of degree one will be called an end-vertex. An edge incident with 
an end-vertex is an end-edge. The number of independent end-edges in a tree plays 
important role in packing problems. Each nonstar tree has at least two independent 
end-edges. 
A tree obtained from two stars of size Sl and s2 with sl,s2/> 1, by joining its cen- 
ters by the path of length p~>l is called a star-path-star (briefly, an s-p-s)  of type 
(sl,p, s2). 
It is evident hat the star-path-stars are the trees with exactly two independent end- 
edges. The above mentioned trees Sn" are s-p-s  of type (1,2, n -  4). 
2. Results 
The following theorem was proved, independently, in [1,2, 7]. 
Theorem 1. Let G = (V,E) be a graph of order n. If[E(G)] <~n - 2 then G can be 
embedded in its complement. 
This result has been improved in many ways. Let us mention only two of these 
improvements. The first one was proved in [7] (cf. also [1]). 
Theorem 2. Let G and H be two graphs of order n. I f  l E(G) I <~n - 2 and 
] E(H) I <~ n - 2 then G and H are packable. 
Another possibility for improvement of Theorem 2 is the following theorem proved 
first in [11] and improved in [10]. 
Theorem 3. Let G = (V,E) be a graph of order n, G ~ K3 U2Kt, G ~ K4 U4K1. I f  
]E(G)[ ~<n- 2 then there exists a 3-placement of G. 
In this paper we shall consider the case where G is a tree on n vertices. 
The example of the star Sn shows that Theorem 1 cannot be improved by raising 
the size of G even in the case where G is a tree. However, in this case we have 
Theorem 4. Let T be a tree of order n, T ~ Sn. Then T is contained in its own 
complement. 
Theorem 4 was first proved by Straight (unpublished, cf. [4]). It follows immediately 
from the following theorem from [3] which completely characterizes those graphs with 
n vertices and n - 1 edges which are embeddable. 
Theorem 5. Let G = (V,E) be a graph of order n. I f [  E(G) [ <~n- 1 then 
either G is embeddable or G is isomorphic to one of the following graphs: Sn, 
Sn-3 UK3, n~>8, K1 U 2K3, Kl U C4, K1 UK3, K2 UK3. 
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Theorem 4 is also improved by the following (cf. [4]). 
Theorem 6. Any two trees of order n, neither of which & a star, can be packed 
into K.. 
Observe now that if there is a 3-placement of T in K, then we have 
obviously 3(n-1)~< (~) which implies n ~>6. Moreover, since the vertex v E V(T) such 
that d(v) -- A(T) (the maximal degree of the graph T) must be placed with 
two other vertices with degrees at least one, we must assume that A(T)<~ 
n-3 .  
However, these evidently necessary conditions are not sufficient as it is shown by 
the example of S~ ~. This fact was first observed by Huang and Rosa in [6]. 
Wang and Sauer [8] proved the following 
Theorem 7. Let T be a tree of order n, n>~6, T ¢ S,, T ¢ S~ and T ¢ S~ t. Then 
there exists a 3-placement of T. 
In Section 4 we give an independent proof of this theorem which yields some 
information about permutations defining the packing. 
In fact, we shall prove 
Theorem 8. Under the hypotheses of Theorem 7, if T ¢ S~n t for n =- 0 (mod 3), then 
there exists a permutation a on V(T) such that a°,a l ,a  2 define a 3-placement of 
T. Moreover, a has all its cycles of length 3, except for one fixed point if n = 1 
(mod 3) or two fixed points i fn -= 2 (mod 3). 
I f  T = S~ ~ with n =-- 0 (rood 3), a has all its cycles of lenyth 3, except for three 
fixed points. 
Consider now the packing of three trees. Hobbs et al. [5] proved that 
Theorem 9. Trees 7'1, T2, T3 of orders nl < n2 < n3 : n, respectively, can be packed 
into K,. 
The main result of this paper is 
Theorem 10. Let T1, T2,/'3 be three trees of order n - 1. Then there is a packin9 of 
TI, T2, T3 into Kn. 
The proof of Theorem 10 is given in Sections 5 and 6. 
In Section 3 we give two examples of theorems, which improve Theorem 4 by 
refining its conclusion. 
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3. On 2-placement of a tree 
In this section we shall give two examples of theorems improving Theorem 4 by 
giving some additional information about embeddings i.e. packing permutations. 
Moreover, the first one provides a very simple algorithm for finding such an 
embedding. 
Theorem 11. Let T be a tree of order n. I f  T # Sn then there exists an embedding 
a of G such that a is a cycle of length n. 
Proof. For n = 4 there is only one tree which is not a star, namely the path abcd. 
Then the permutation can be defined by a = (acdb). For n > 4 denote by x an 
end-vertex of T. It is easy to see that x can always be chosen in such a way that 
T' = T \ {x} is not a star. By induction, there exists a cyclic permutation a t on V(T') 
that is an embedding of  T ~. Let a t = (a la2 . . .an- l ) .  Without loss of generality we 
may assume that alx belongs to E(T). Observe that at least one of the edges ala2 or 
alan-1 does not belong to E(T). Suppose that ala2 E E(T). Then alan-i q[ E(T) and 
it is easy to see that the cyclic permutation on V(T) defined by cr = (alxa2 ...an-1 ) 
is an embedding of G. If  alan-l E E(T), then we put a = (ala2. . .a~-lX) .  [] 
The figure below (Fig. 1) gives a 'geometric' illustration of an application of the 
above algorithm to the tree S~ ~. 
The second theorem presented in this section is connected with the following 
conjecture posed in [3]. 
Conjecture. Each nonstar graph which contains no cycles of length 3 or 4 as subgraphs 
is embeddable. 
The proof of the theorem below is given in [9] where a partial result related to the 
above conjecture has been obtained. 
Theorem 12. I f  a tree T is not a star then there exists an embedding a of T such 
that 1 ~<distr(X,a(x))~<3 for each x E V(T). 
0.2Y  °'1 
~~ 0,4 
Fig. 1. 
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4. Proof of Theorem 8 
The proof is by a combination of a construction for some special cases and induction 
in the general case. 
Throughout his section, T will be a tree of order n, n 1> 6. Without loss of generality 
we can assume that T is not one of the exceptional graphs i.e. T # Sn, T # S~ and 
T -# S~'. In this section, a permutation a on V(T) is said to be a 'good' permutation 
for T if 
(1) a°,a l ,a  2 define a 3-placement of T and 
(2) for T ~ S~ ~ with n -- 0 (mod 3), a has all its cycles of length 3, except for one 
of length one if n ~ 1 (mod 3) or two of length one if n - 2 (mod 3). 
(3) for T = S~' with n =-- 0 (mod 3), a has all its cycles of length 3, except for 
three of length one. 
Using this terminology we have to prove that there exists a 'good' permutation 
for T. We start with the following 
Lemma 13. There exists a 'good' permutation for T = S~'. 
Proofi Denote by c the center of T = Sn", by c ~, u, a consecutive vertices lying on the 
path of length 3 with a being an end-vertex and by a', b, b ~ three end-vertices adjacent 
to c if n = 3k + 1, k >i 2, v, a', b, b' four end-vertices adjacent o c if n = 3k + 2, k i> 2, 
and v, w, d ,  b, b ~ five end-vertices adjacent o c if n = 3k + 3, k >i 2, respectively. 
In each case, the remaining 3(k - 2) vertices are denoted by xi, Yi,Zi, 1 <~i<k - 2. 
Then the 'good' permutation a is defined by 
a = (u)(abc)(a'b'c')(Xl y zl ) . . .  (Xk-2Yk-2Zk-2), 
a = (u)(v)(abc)(a'b'e ' ) (x ly lz l ) . . .  (xk-2yk-2zk-2), 
= (u)(v)(w)(abc)(a'b'e')(Xl ylzl ) . . .  (xk-2yk-2zk-2), 
respectively. [] 
Lemma 14. Let T be a tree of  order n, n = 0 (mod 3). Consider the following 
conditions: 
(a) T has three end-vertices x ,y ,z  connected by an edge to three distinct vertices 
x', yt, z t. 
(b) T has three end-vertices x ,y ,z  connected by an edge to one vertex of  T 
(c) T has two end-vertices x and y such that y is adjacent to a vertex z of 
degree 2. 
I f  T has three vertices x, y ,z  such that one of  the conditions stated above holds 
and there exists a 'good' permutation for T' = T \ {x, y,z}, then there exists a 'good' 
permutation for T. 
Proof. Let us denote by a'  a 'good' permutation for T ~. It is easy to see that either 
a = (xyz)a ~ or a = (xzy)a' is 'good' permutation for T. [] 
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Proof of Theorem 8. For n = 6 we have only three graphs to verify: the path cba'ab'c', 
the caterpillar obtained from the path batab'c ' by adding one new vertex c and one new 
edge ac and the caterpillar obtained from a path ab'ba' by adding two new vertices 
c and c ~ and two new edges bc and b'c'. In each of the above cases we define the 
'good' permutation by putting tr = (abc)(a'b'cr). 
Assume that the theorem is true for every graph of order n' < n, n > 6. 
Let T be a tree on n vertices. By Lemma l0 we can suppose that T is not an 
exceptional graph i.e. T ~ Sn, T ~ S~ and also T ~ S~'. We shall consider three main 
cases. 
Case 1: n = 1 (mod 3). We choose an end-vertex u in such a way that T' = T\{u} 
is not an exceptional graph. Let a ' be a 'good' permutation for T t. We put a(u) = u 
and a(v) = a'(v) for v E V(T'). Since a'  has no fixed point, o is a 'good' permutation 
for T. 
It is easy to see that such a choice of  an end-vertex u is not possible in the case where 
n = 7 and T is the graph obtained from a path ab'uba' by adding two new vertices c 
and c' and two new edges bc and b'c'. Then a 'good' permutation a is given by 
tr = (u)(abc)(a'b' c'). 
Case 2: n -= 2 (mod 3). Similarly as in Case 1 we choose two end-vertices u
and v in such a way that T' = T \ {u,v} is not an exceptional graph. Let o' be 
a 'good' permutation for T'. We put a(u) = u,o(v) = (v) and a(x) = a'(x) for 
x E V(T'). Since a'  has no fixed point, tr is a 'good' permutation for T. It is easy 
to see that such a choice of  an end-vertex u is not possible in the case where n = 8 
and T is the graph obtained from a path ab'uba' by adding three new vertices c,w 
and c' and three new edges bc, bw and b'c'. Then a 'good' permutation a is given by 
tr = (u)(v)(abc)(a'b' c'). 
Case 3: n = 0 (mod 3). Suppose first that T has three end-vertices adjacent o one 
vertex of T. Then there are only four trees such that Lemma 14 is not applicable. These 
trees are drawn below (Fig. 2) and it is easy to see that in each ease the permutation 
(abc)(xyz)(uvw) is 'good' for them. 
The remaining cases are now easy to consider and can be left to the reader. [] 
5. Some lemmas 
We have divided the proof of Theorem 10 into two parts. We start with a sequence 
of lemmas (Section 5) we shall need in the main part of  the proof (Section 6). 
Observe first that the packing of  three trees Ti, T2, 7"3 of size n - 2 can be seen as a 
packing of three graphs Gi, (32, G3 of order n where Gi is obtained from Ti by adding 
an isolated vertex, i = 1,2, 3. 
Lemma 15. Suppose that Gb G2, G3 are three 9raphs of order n > 5 such that each 
of them has three independent end-edges. Let G~ ,G~ ,G~ are the graphs obtained 
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from Gi, G2, G3 by removing the corresponding end-vertices. I f  there is a packing of 
G' 1, G~, G~ into K._3 then there is a packing of Gl, G2, G3 into K.. 
Proof. Denote by al, a2, a3, by bl, b2, b3 and by cl, c2, c3 the corresponding end-vertices 
of GI,G2 and G3, respectively, and by Xl,X2,X3 three vertices of K,. Let ~t',ff, y~ be 
three injections defining the packing of G' t, G~, G~ into Kn-3 = Kn \ {Xl,X2,X3}. Let 
now a~, b~, c~, i = 1,2, 3 denote the vertices adjacent to removing end-vertices in graphs 
Gj,G2 and G3, respectively. Consider the 'worst' case where the sets ~t'({a~,a~,a~}), 
fl'({b~,b~,b~}) and 7'({c~,c~,c~}) coincide. Let x',y',z' are the elements of this set. 
Then the possibility to extend the definition of the packing follows from the fact that 
three matchings aia~, bib~ and cic I, i=1, 2, 3, pack into the complete bipartite graph 
K3,3 with color classes {x,y,z} and {x',y',z'}. This finishes the proof, the other cases 
being left to the reader. [] 
Lemma 16. Theorem 10 holds if one of the trees, say 7"3, is a star. 
Proof. Denote by a an end-vertex of G1, by b an isolated vertex of G2, by c the center 
of T3 and by x a vertex of K,. The graphs G' t = Gi \ {a} and G~ = G2 \ {b} can be 
packed into K,-L = Kn \ {x} by Theorem 9. Now it is easy to obtain a packing of 
G1, G2 and G3 into K, by identifying a,b and c with x. [] 
Lemma 17. Theorem 10 holds if one of the trees, say T3, is a double-star. 
400 M. Wo~niak / Discrete Mathematics 150 (1996) 393-402 
Proof. Denote by al,a2 two end-vertices incident with two independent end-edges of 
G~, by bt and bo an end-vertex and an isolated vertex of G2, respectively, by cl,c2 
the centers of T3 and finally by x,y two vertices of Kn. The graphs G~ = G1 \ {al,a2} 
and G~ = G2 \ {bi,bo} can be packed into K~-2 = K~ \ {x,y} by Theorem 9. Now 
it is easy to obtain a packing of G1,G2 and G3 into K~ by identifying first al,a2 
with x,y and next br,b2 and Cl,C2 with x,y or y,x. The detailes are left to the 
reader. [] 
Lemma 18. Theorem 10 holds if one of the trees, say T3, is an s-p-s of type (Sl,2,s2) 
and another one, say 7"1, has three independent end-edges. 
Proof. We proceed similarly as in the proof of Lemma 16 but now we remove 
three end-vertices from GI and two end-vertices and an isolated vertex from 
G2. [] 
Lemma 19. Theorem 10 holds if one of the trees, say T3, is a path. 
Proof. The proof in by induction on n. The previous lemmas imply that the lemma 
holds for small n. Suppose it is true for all n '<  n. Denote by Co the isolated ver- 
tex of G3 and let T3 be a path clc2.. .c,- l .  Let al,a2(bl,b2) are two end-vertices 
I / / of GI(G2) adjacent o al,a2(bl,b~), respectively. By induction, there is a packing 
ed, fl',~' of G' I = Gl\{al,a2}, G~ = G2 \ {bl,b2} and path ClC2...c~-3 into K,-2 = 
Kn \ {x, y}. It is easy to place edge-disjointly four edges from Gl and G2. Finally, 
we add to the path y'(cl)y~(c2)...7l(cn_3) two edges: the first one is 7'(c,_3)x or 
7t(cn_3)y or 7~(cl)x or 7t(cl)y and the second one is xy. It is impossible only in 
/ / / 
the case where the sets oc;({a'l,a~} ), fl({bl,b2}) and ~'({Cl,C,-3}) coincide. But 
then we can prolong the path ~'(cl))"(c2)...y'(c,-4) by the path 7'(cn-4)xyy'(co) f 
length 3. [] 
The following lemma has been proved in [5] (as Lemma 3). 
Lenuna 20. Suppose T and U are trees of orders nl < n2 = n, respectively, suppose 
n>~5, suppose T and U are not stars, and suppose M is a matchin9 of size <<. [~J. 
Then T, U and M can be packed into K,. 
Lenuna 21. Theorem 10 holds if one of the trees, say T3, is a spider of diameter <~ 4 
i.e. a tree havin9 a vertex, say c, such that T3\{c} consists of independent edges and 
vertices. 
Proof. We define G~ and G~ as in Lemma 17 and let M = T3 \ {c}. The packing of 
G I, G~ and M into Kn-2 =Kn \ {x,y} exists by Lemma 19. Now it is easy to obtain 
the packing we need by identifying c with x or y and joining it with one of the ends 
of the edges of M. [] 
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6. Proof of Theorem I0 
The proof is by induction on n. The previous lemmas imply that Theorem 10 holds 
for small n. Suppose it is true for all n' < n. By Lemma 15 we can assume that at 
least one of the trees Tl, 7'2,/'3 does not have three independent end-edges. 
Case (a): Consider first the case where T1 and 7"2 have three independent end-edges 
and T 3 is an s-p-s of type (sl,p, s2). 
(at) If p~>4 we remove, as in Lemma 15, three end-vertices from Gl and G2, 
and in the graph G3 three vertices c2,c3 and ca where ClC2C3...cp+l is the path 
connecting the centers ClCp÷l of our tree. Next we proceed as in the proof of 
Lemma 15. 
(a2) If T3 is a star or p = 1 or p = 2 we apply Lemma 16, 17 or 18 . 
(a3) If p = 3 we can use the same argument as in Lemma 15 in the case where 
e.g. st = 2 or Sl --- 1 by removing cl together with two end-vertices adjacent o it or 
C2Cl with the end-vertex, respectively. 
(a4) So, we can suppose T3 is an s-p-s of type (sl,3,s2) with sl,s2>~3. 
Denote by at,a2,a3, and by bl,b2,b3 the end-vertices of G1 and G2, respectively 
and by a0, b0 the corresponding isolated vertices. Consider now the graphs G~ = G1 \ 
{al,a2,a3,ao}, G; = G2 \ {bl,b2,b3,bo}. If the packing of G~ and G~ (into Kn-4) 
exists, then it is easy to construct a packing of G1, G2 and G3 into Kn. The existence 
of the packing of the graphs Gtl and G~ into K,-4 is guaranteed by Theorem 6 unless 
one of them, say G1, is a star. Then we try to choose the removing end-vertices in 
another way in order to avoid the star as Gll. If it is impossible, Ti is a spider of 
diam ~<4 and we apply Lemma 21. 
Case (b): At least two trees, say /'2 and 7"3, are s-p-s. 
By Lemma 19 we can assume that neither T2 nor T3 is a path. Denote by bl(cl) one 
of the centers of T2(T3) and by bll,b12 . . . . .  blp(Cll,Cl2 ... . .  Clq) end-vertices adjacent 
to hi(c1), respectively, p,q>~2. We shall consider two subcases. 
(bl) TI has at least two end-vertices, ay all,a12 .. . . .  air, r>~2, adjacent to the same 
vertex al of Tt. Consider the graphs G' 1 = G1 \ {al,all,ao}, G~ = G2 \ {bl,bll,bo} and 
G~ = G3 \ {CI, Cll, C0) where ao, bo, Co denote the isolated vertices of Gl, G2, G3, respec- 
tively. Observe that the vertices all,bll,Cll are isolated in G' 1, G~, G~, respectively. 
So the packing of G' 1 ,G~ ,G~ (into K,-3) exists by induction (remark that if the graph 
G'~ is not a tree we can start by adding some edges to it). Let x,y,z be three vertices 
of K, and let K,_3 = K, \ {x,y,z}. By identifying al,all,ao with x,y,z; bl,bll,bo 
with z,x,y and cl,cll,co with y,z,x, respectively, we get a packing of G1,G2 and G3 
into Kn. 
(b2) Let ala2...ar be the longest path of T1. Assume that d(a2) = d(ar - l )  = 2 and 
a3 ~ at-2. We proceed analogously as in previous cases. The graphs Gtl, G~, G~ are 
defined as follows. G~ = GI \ {al,a2,a~,a~-l}, G~ = G2 \ {bl,btl,bo, b21} and 
G~ = G3 \ {cl,c11,c0,c21} where bo, co denote the isolated vertices of G2,G3, respec- 
tively, and b21,c21 the end-vertices adjacent o second center of G2, G3, respectively. 
The detailes are left to the reader. 
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Finally, i f  neither (b l )  nor (b2) hold then T is a spider o f  d iam(T)~<4 and we apply 
once more Lemma 21. 
This finishes the proof  of  Theorem 10. [] 
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